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25
The development of ocean eddy parameterizations continues to be an area of vigorous research. The 26 ubiquity of geostrophic ocean eddies, and the central role they play in shaping the mean circulation, strat- of this framework is that the problem of understanding, quantifying, and parameterizing eddy-mean flow in-57 teraction can be effectively recast as a problem of understanding the underlying geometry of the eddy fluxes 58 themselves. The Eliassen-Palm flux tensor (hereafter "EP tensor"), which is introduced in Section 2.1 and 59 described in detail in Maddison and Marshall (2013) , is a fundamental object describing this geometry, and 60 among its noteworthy features is that it can be chosen such that the resultant eddy stresses are nonzero only 61 in the horizontal momentum equations. From a practical point of view this offers significant advantages for 62 the development of eddy parameterizations, allowing a modeler to avoid imposing separate (and possibly 63 physically inconsistent) parameterizations in the momentum and buoyancy equations.
64
As of the writing of this paper, no single eddy closure has been developed which skillfully parameter-
The averaging operation used to derive (1) -(4) is an ensemble average in buoyancy coordinates (e.g. 
Variables with a superscript # are defined in terms of the mean depth of an isopycnal surface, as in Young
127
(2012, equations 59, 73, and 135). The resultingû = û,v, w # is known as the residual velocity; ∇ h is 128 the horizontal gradient operator, ∇ 3 is the three-dimensional divergence operator, D # /Dt = ∂/∂t +û · ∇ 3 129 is the material derivative following the residual velocity, f is the Coriolis parameter, F represents external 130 momentum forcing, and B represents external buoyancy forcing.
131
Henceforth the quasi-geostrophic limit will be considered, the overbar will refer to an appropriate aver-132 age at fixed height, and primes will indicate deviations from this average. 1 The buoyancy frequency will be 
All eddy forcing is wrapped into the column-wise divergence of E, the 3 × 3 "Eliassen-Palm flux tensor"
135
(hereinafter EP tensor, e.g. Maddison and Marshall, 2013), so named in order to highlight its relevance to 136 the eddy transport of potential vorticity. At the QG level of approximation, because the eddy tendency of 137 potential vorticity is given by the double divergence of E, one may freely add rotational terms ("gauges") 138 to either the rows or columns of E. Here the gauge is chosen so that the form of E to be considered in this 139 paper is (Plumb, 1986 )
One benefit of writing the eddy stresses as part of a tensor is that it allows the underlying geometric Reynolds averaging. A particularly useful result emerging from their geometric formalism is a bound on the 145 magnitude of the elements of E,
where the vertical components of E are weighted by the inverse square of the Prandtl ratio, f /N 0 . The 147 key component of this bound is the eddy energy, E = K + P, which is the sum of the eddy kinetic energy
2 u h · u h , and QG-approximated eddy potential energy, P. The utility of (9) is that it allows one to 149 express the inherent geometry of the EP tensor through its individual components. In terms of developing 
152
Of special interest to the eddy parameterization problem are the lateral buoyancy fluxes R and S , which 153 have historically been given a special role in mesoscale eddy closures owing in large part to the success of 154 the GM parameterization. Marshall et al. (2012) showed that the geometric formalism can be used to derive 155 a scalar eddy transport coefficient for a downgradient buoyancy closure of the form
which, using the energetic bound on the buoyancy flux magnitude, can be re-arranged to imply a value for the GM transport coefficient,
Here the subscript G will differentiate this scaling from others which will be introduced later on. 
where K is a 3×3 eddy transport tensor describing the net, directional rate by which eddies advect and diffuse parameterizations can be jointly expressed as
where κ R is the Redi diffusivity, κ GM is the GM transport coefficient, and S x , S y = −∇ hb /N 2 0 are the 200 isopycnal slopes (Griffies, 1998 into horizontally anisotropic eddy transport (Smith and Gent, 2004) .
205
In writing (13), the assumption of layer-wise flow places strong constraints on the structure of the eddy than if a scalar flux-gradient relationship like (10) were used instead. Inspection of (13) reveals that in the 211 small-slope limit the diagnosis problem becomes significantly easier if it is assumed that the GM transport 212 coefficient and Redi diffusivity are equal, so that
In this case all off-diagonal terms of the horizontal fluxes become zero, so that the horizontal buoyancy flux
214
can be well-approximated by
It has been shown previously that (14) is unlikely to hold except in special circumstances. For example, require the coefficients to be isotropic and constant in the two-dimensional, along-isopycnal plane. In the
223
QG limit where the isopycnal slopes are nearly flat, this implies that κ R ≈ κ GM along horizontal planes,
224
permitting the diffusivities to vary in the vertical and satisfy the appropriate boundary conditions while still 225 remaining equal at all vertical levels.
226
It is possible to design a basic model configuration to replicate the circumstances in which (14) is ex- 
250
In particular, we are interested in testing the accuracy of the coefficient obtained using the geometric
against four others. These are:
where α v is a nondimensional tuning parameter, L is an eddy length scale, and σ = f Ri −1/2 is the Eady Because the initial stratification of the models described in Section 3 is spatially constant, the width of 
A critical assumption used in deriving this coefficient is that the eddy velocity scales with the thermal wind 270 shear, resulting in a final scaling for κ F that is independent of the eddy energies. Note that, although the layer baroclinic eddies, no part of its derivation is specific to mixed layer dynamics. Therefore, the inferred 273 value of κ F is suitable to be tested against the other coefficients presented here.
274
iii) The closure suggested by Eden and Greatbatch (2008) ,
where the mixing length L is chosen as the minimum of the Rossby radius and the Rhines scale. In devel- where the result would then be fed into the calculation of κ E . Though no such prognostic equation exists for 278 the models in Section 3, a major advantage of the eddy challenge suite is that K can be diagnosed directly. 
The dependence of κ B on the eddy kinetic energy was theorized using Lagrangian parcel displacements
281
(e.g. Taylor, 1921; Plumb, 1979; Plumb and Mahlman, 1987) , and the nondimensional coefficients were 282 diagnosed using nearly identical models as those described in Section 3. 
301
The zonal channel models and averaging used in these simulations are similar to those used in Bachman
302
and Fox-Kemper (2013), except that in these simulations the horizontal density gradient is initially uniform 303 everywhere rather than being concentrated at an isolated front. The technique used to diagnose the eddy 304 transport coefficient is an adapted version of the multiple-tracers inversion method used in that work.
305
Here an ensemble of twenty passive tracers is initialized in each model, where the initial profile of each 
where i and j are row and column indices and π is the tracer index. For a 3 × 3 transport tensor the diagnosis 
As in Bachman and Fox-Kemper (2013), the averaging operation is a zonal average along the length of 324 the channel; because of this averaging, all zonal gradients of averaged quantities become zero. Furthermore,
325
the QG approximation of small isopycnal slopes predicts that the off-diagonal terms of the now-2×2 transport 326 tensor are negligibly small. In all, this leaves a much simplified ensemble flux-gradient relation,
which can now be inverted for a scalar κ. The zonally-averaged tracer fluxes and tracer gradients each form . At later times after the front goes baroclinically unstable, the tracer concentrations are zonally averaged, their meridional gradients and eddy fluxes are calculated, and a solution for κ is obtained by pseudoinverting (23) at each point on the yz-plane. The overall value for κ at each output interval is taken as the domain average of these solutions. In the inset panels the tracer gradients and fluxes may vary beyond the given color scale, but the color limits are chosen to be suitable for all tracers shown. In the buoyancy plots the aspect ratio of the domain has been stretch to illustrate both the along-channel and vertical aspects of the turbulence; the actual density surfaces in the simulations are nearly flat.
velocity fields are zonally averaged to diagnose the eddy kinetic energy, K, every one hundred days of Figure 4 shows the time evolution of E and the ratio K/P for all simulations.
364
Like the diffusivity shown in Figure 3 , E grows in time until the eddy energy reaches saturation. This is 
for each of χ = {E, K, P}. is constrained by the geometric formalism in Section 2.1.
378
The principal advantage of pursuing a parameterization using the geometric formalism in Section 2.1 is 379 that all dimensional terms in the expression for κ G are explicitly specified, and the only remaining unknown 380 is the nondimensional coefficient α. While the bound |α| ≤ 1 provides a useful constraint on the magnitude, and a skillful closure should attempt to replicate this sensitivity as best as possible.
383
A major challenge in parameterizing α is that it is not clear in which "state" (growing, decaying, in 
Figure 4: (a) Domain-averaged eddy energy, E, plotted as a function of time for all simulations. The trend mirrors that of the diagnosed diffusivity, growing in time until it reaches saturation (black dots). (b) Ratio of K and P. Because this ratio tends to be less than one, the contribution of P to the eddy energy is non-negligible.
for a parameterization, three obvious choices emerge: (i) the peak value of 0.8, (ii) the value at saturation 
398
The idealized, unforced simulations described in this paper are meant to provide a simple test bed with constrained, and the magnitude of the associated parameter α is bounded such that |α| ≤ 1.
421
The dependence of κ G on the eddy energy is similar to that of previous closures (e.g. Eden and Great- 
For models whose subgridscale dynamics are QG so that Bu = O(1), K and P are of the same order, so that if one assumes that their relationship stays relatively fixed as other flow parameters change (e.g. rotation,
shear, stratification, etc.), it may be justified to forego two separate energy equations in favor of only one.
434
Furthermore, because prognostic equations for the eddy energies are uncommon in GCMs, this implies that it 435 may be justifiable to calculate whichever type of energy is easiest and simply use that in the parameterization.
436
It is cautioned, however, that the lack of sensitivity to swapping energy types may be due in part to 437 the simplicity of the models used here. It is possible that more complex domain geometries, boundary 438 conditions, or heterogeneous flows, may change the relationship between K and P, in which case it is 439 unclear if ignoring or switching one of these energy types risks losing accuracy. Exploration of these details 440 is beyond the scope of this paper.
441
The primary difficulty of using κ G in a downgradient eddy closure is the presence of the total eddy 
